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Abstract 

Orbital stability property for weakly coupled nonlinear Schrodinger equations is investigated. 
Different families of orbitally stable standing waves solutions will be found, generated by differ- 
ent classes of solutions of the associated elliptic problem. In particular, orbitally stable standing 
waves can be generated by least action solutions, but also by solutions with one trivial component 
whether or not they are ground states. Moreover, standing waves with components propagating 
with the same frequencies are orbitally stable if generated by vector solutions of a suitable single 
Schrodinger weakly coupled system, even if they are not ground states. 



1 Introduction 



We consider the following Cauchy problem for two coupled nonlinear Schrodinger equations 



(1.1) 



id,4>, + A01 + +p\cf>2\"\<Pir'-)(/>l = 0, 

0i(O,x) = ,^OW, 02(O,x) = 0O(x), 



where <1> - (4>\,(p2) and 0,- : R x R" C, 0'' : R" ^ C, p > 1 and is a real positive constant. 
Coupled nonhnear Schrodinger equations appear in the study of many physical processes. For in- 
stance, such equations with cubic nonlinearity model the nonlinear interaction of two wave packets, 
optical pulse propagation in birefringent fibers or wavelength-division-multiplexed optical systems 
(see ITdluJli K^El ™d the references therein). 

A soliton or standing wave solution is a solution of the form <l)(x, f) - {u\{x)e"^^' , U2{x)e'"-') where 
U{x) - (mi(x), U2{x)) : R" — > is a solution of the elliptic system 



(1.2) 



(■-Ami + wiMi = +I3\uir^\u2\i')uu 

[-AU2 + U)2U2 = (iMal^""^ +/3|M2r^|Mll'')M2- 



Among all the standing waves we can distingmsW^^tween ground and bound states. A ground state 
corresponds to a least action solution U of ( ill. 21 ): while all the other critical points of the action 
functional giv£ rise to bound states (or excited states) of ( llTTtI r A ground state generates a one-hump 
snliton of ( llTTtlr because it is nonnegative, radially symmetric and decades exponentially at infinity 
(PI). On the other hand, vector multi-hump solitons are of much interest in the applications, for 
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example they have been observed in photorefractive crystals I HTSII . 

When investigating stability properties of a given set of solution, it is natural to take into account 
the rotation invariance of the problem, and this is done by the orbital stability. Roughly speaking, 
this means that if an initial datum <t>" is close to a ground state U then all the orbit generated by 0° 
remains close to the soliton generated by U up to translations or phase rotations. 
For the single Schrodinger equation it has been proved that the orbital stability property is enjoyed 
by standing^ waves raised by least action solutions. This result can be deduced from the two following 
facts (see l@ and Section 8 in l|[3f): 

(a) every least action solution can be associated, by a bijective correspondence, to a minimum 
point of the energy constrained to the Lr sphere with a suitable choice of the radius. 

(b) Conservation laws and compactness properties of this minimization problem imply that the 
set of minimum points of the energy on this sphere manifold generates stable standing waves. 

Moreover, in it is proved that every critical point of the action with Morse index larger than 

one give rise to instability. Taking into consideration the result of fi 1| the stability of the standing 
wave e"^'zui of the single Schrodinger equation holds if and only if z„ is the minimum point of the 
associated energy functional constrained to the L} sphere of radius 

This and (a) are the reasons why ground states are the most desirable solution for the single Schrodinger 
equation. 

With^i|^sijuatign in mind, large effort has been done in the last few years to find ground states 
of (lll.il) . In! lur"2T51 numerical arguments or analytical expansions have been employed to produce 
differejit femilies of solitons. The investigation has been improved by means of variational methods. 
In B EllJ "f2'r1^"'55'|) assumptions on the constant p are stated in order to distinguish between 
ground states with both nontrivial components {vector ground states) and ground states with one 
trivial component {scalar ground states). It has been discovered that there exists vector ground states 
for the constant /? sufficiently large in dependence on the frequencies ratio, while if /? is small least 
action solutions have necessarily one trivial component. Moreover, in 1^ it is clarified the difference 
between scalar and vector positive solutions in dependence to different geometrical properties of the 
action functional. For yS small the scalar ground states are critical points of the action functional with 
Morse index equal to one, while for fi large these kind of solutions have larger Morse index. Since 
stable standing waves should be generated only by ground states, these results suggested the idea that 
stable standing waves should be given by scalar solutions for fi small and by vector ground states for p 
large. This opinion is confirmed also in 1141 where this topic has been studied for different evolution 
systems, and the orbital stability property is shown to be enjoyed by standing waves associated to 
solution of the corresponding elliptic system with Morse index equal to one. 

For the cubic NLS systems in the one dimensional case, this subject has been recently studied in 
some interesting papers using numerical and analytical methods. In jfe?! it is conjectured, based 
on numerical evidence, that single-hump soliton are stable while multi-hump vector solitons are ajl 



linearly unstable and this is proved by numerical and analytical argujnents in |23| for /;> = 2 in i 

and for any p for special families of multi-hump vector solitons. In |"22i a stability criterion is found 
to study the stability property of some families of single-hump vector solitons. When tackling this 
matter for weakly coupled Schrodinger equations by means of variational methods,^one has to take 
into account that the norms of the components are conserved separately (see |^S'"'2l|). So that we 
can consider different constrains on which minimize the energy. When we choose the sphere with 
respect of the x norm, we obtain ground states, however we do not know whether or not they 
are scalar or vector solutions. Otherwise, we could try to minimize the energy constraining the 
norms separately, this approach will permit us to know in advance if we will find scalar or vector 
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solutions even if they may be not least action solutions. The first approach consists in solving the 
minimization problem 



intromini 



introinini2 



(1.3) 



and 



£(u) 



inffi 

My 



where My = {f/ = (mi 



U2) eH^ xH^ 



LOl\\Ul\ 



6(U) = £(mi 



2p ^ 



.2p 



||M2lg+2y6||«l«2ll^), 



for I < p < 1 + 2/nm order to have global existence of dlTTTIr fsee ISJ). 
For a suitable choice of y, we will fii^lh^^ this problem has a solution corresponding, in a bijective 
correspondence, to ground|t^tes of dll. 2b . Moreover, the set of the solutions generates stable sanding 
waves (see Theorem E. 71) . This conclusion is in accordance to the single equation case, since these 
solutions have Morse index equal to one. 

When adopting the second approach, we are naturally lead to the minimization problem 



(1.4) 



&{u) - inf & 



where 



M(s,,6,) ^ {U = {UUU2) e X 



ll«il 



ll"2l 



,)) where z,. 



ttiP^(or(0, 
recall that this solution is a 



When ^2 (or (5i ) is equal to zero we obtain as minimum point the coupli 
(Zoj^) is the uniquejpo^jtive solution of the first (second) equation in dlfrZ 
ground state of ( ill .ij onlv for /? small. However, w^e_^^ill show that they still produce orbitally stable 
standing waves for any > (see Theorem lE.Sp This result is in accordance with the conjecture in 
ife?! . But they are in contrast with the expectation that only ground states should give rise to orbitally 
stable wave^, since they have Morse index greater than one for p large. The case di =j^.^^^ has^b^en 
tackled in 1*20! for p - 2, n - Ija^yS - 1, and it is proved that the set c^f solutions of ( 111.41 ) give rise 
to orbitally stable solutions ofj^^^^^ere we will ejX|tend the result in \'20\ for higher dimension and 
for every B > see Theorem llZ.llI Moreover, as .in we will show that, for a suitable choice of 6 
(and 61-62- 6) the set of solutions of ( 111 .4b is 



given by 

S = {(e'«'z;(- - y\ e'«^z;(- - y)\ 0i, 02 e R, y e R« } , 
where ti is the unique positive solution of the problem 



-Am + ojii = (1 + p)\u'^P-^u in R", 
u{x) — > as \x\ — > oo. 



n^asin 



when (Xk 



Moreover, a 
solution of (IITtZ 

from zero (see Theorem ll2.10b . So. that our result provide 
solutions found in Theorem 1 in 1251 and in Theorem 2 in 



we will demonstrate that S also characterizes the set of least action 
= jy2_|nd when one prescribes both of the components to be different 



complete characterization of the set of 
for Xj - to for every / Let us stress 
again that the set S is made of ground states only for jS > 1 . Then, for p large we have at least two 
families of orbitally stable solution of ( lOl r. the ones generated by ground states, which we know 
have both nontrivial components and the ones produced by the scalar solution. We can reach the 
same conclusion for any yS but for wi - (jJ2'- orbital stability i^ e^ij oygd |)y the standing waves gener- 
ated by scalar solutions and by vector solution solutions of (ill. 4b . the former are ground states for (i 
small, the latter are ground states for fi large. Unfortunately we cannot hanc le^the x^se 6\ + 62, and 
to our knowledge the question of whether or not the set of solution of ( 111.41 ) gives rise of orbitally 
stable solutions for any 6\, 62 is open. 
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Finally, adapting the arguments in l0f, we will also show an instability result in the supercritical case 
p - I + 2/n, for ground state solutions, scalar solutions and for the set S (for = W2 = w), as a 
consequence of bloron^ug^in finite time. While, for the critical case the instability is produced by 



every solution of 



OF 



The paper is organized as follows. In Section H we state our main, results. Thejdefinitions and pre- 
. , _ ^preliminary jffoofs. 



liminary results, preparatory to the proofs, are presented in sectionQ In section|ff] we give the proofs 
of our main results. A section of conclusion comments the results obtained. 



setting 



2 Setting of the problem and main results 

Our analysis will be carried out in the functional spaces L- = L^(R",C) x Lr{R'\C) and H' = 
(R", C) X //' (R", C). We recall that the inner product between m, v € C is given by m ■ y = %{iiv) = 
1/2(mv + vu). Then for co - (wi, e R, > 0, we can define an equivalent inner product in 

L- given by 

((D|>P)^ = !R j [wi^ilAi +^^2^21^2], VO = (0i,,^2), ^ = (tAi,</'2) 
and an equivalent norm 



m\L-m\l^,+U2\\l^,^ where 



- (^i\\(f>i 



I2 ^ ^' J" '1 



for i - 1,2. It is known (see Remark 4.2.13 in IQ) that (IITTTIr is locally well posed in time, for 
p < n/{n - 2) when n > 2 and for any p for n = 1,2, in the space H' endowed with the norm 
IIOII^, = IIVOIIj + Il<l*ll2^ for every O = {((>i,(f>2) e H'. Moreover we set the L'' norm as \\<i>\\p - 
\\<pi\\p + ll<^2llp, for p 6 [1, +00). It is well known that the masses of the components of a.^olution and 
its total energy are preserved in time, that is the following conservation laws hold (see ttST Bll '): 



I mass I (2.1) 



Il<^lll2 



ii^i'iii 



mil 







2112' 



energy 



defF 



(2.2) 
where 
(2.3) 



Fm^^{m\;p + 2/3UiH\';,)- 

In @ it is proved that the solution of this Cauchy problem exists globally in time, under the assump- 
tion 



pzero 



(2.4) 



p < I + - . 
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In order to study orbital stability properties, we will use the functional energy (see ( 112.21) ) and the 
action 

nU) = - F(U) = 6(U) + ^\\U\\l^. 
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bound 



cnedue 



schrequa 



defzbo 



ttico 



ground Definition 2.1 We will say that a ground state solution U of ( 111.21) is a solution of the following 
minimization problem 



I{U) = myv := inf J(W) where TV : = {IV e \ {0) : {I'{W), W)^Q] 

N 



(2.5) 



N is called in the literature Nehari manifold (see I lll5[|25l ). Moreover, we will denote with @ the set 
of the ground state solutions. 

J piiittico 

Definition 2.2 We will say that a positive bound state solution U of (111 .2d is a solution of the follow- 
ing minimization problem 



(2.6) 



I{U) = OT2 inf J(W) where 



M2 : = {H' = (wi,W2)€Hi : wi,W2 + 0, {d\IiW),wi) ^ {d2l{W),W2) ^ 0], 



where d\I{W) {d2l{W)) is the partial derivative with respect to the first (second) component. N2 



is called in the literature Nehari set (see 
bound state solutions. 



3). Moreover, we will denote with B the set of such 
I]) that all the solutions of the elliptic problem 



It is well known (see Section 8 inl 
(2.7) 

I uyx) — > u 

for (jj > Q and /3 > 0, are given by v(x) = e'^z'j^{x - y) where € R y € R" and z'j^ is the unique least 
energy solution , where is the unique positive least energy solution in //'(R", R) of ( 
recall that 



-^u + con = (1 + /3)\u\^P-^u in R", 
u(x) — > as |x| - 



(2.8) 



l/2(p-l) 



scalari 



Definition 2.3 Problem i 



IttlCO 

admits also scalar solutions. U 



(mi,0) (or (0, M2))- We will denote 



with S the set of such solutions. The uniqueness result in for the single Schrodinger equation, 
gives us the following characterization for the set S. 

S = {(e'^z;;' (■ - y), 0), e R, y e R"} U {(0, e'^z;^-{- - y)), 6 R, y e R" 



zbo 



where zfj* is defined in (112.81) ( with a>i = w or <x)2 = w). 



" show that, depending on the parameters 



Remark 2.4 The results contained in It2j"| 
(jj\,ui2,l3, the set Q may coincide with either S or S. 

For p sufficiently large in dependence on wi , a;2, ^ - S and the point in S are scalar bound states 
solutions. While, Q - S for fi small. 

In the particular cagewi = dLi2 = 1 ground states have both nontrivial components if and only if 
P > 1 (see fa' I sfnTfcl ), so that foryS > 1 ^ = S, while for^S < 1 ^ = >S. 



Let us recall the orbital stabihty property for a set of solutions T, introduced for the single equation 
case in mi. 
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mainstab 



mainstab2 



carabound 



mainstabS 



Definition 2.5 A set ;F £ H' of solutions of Problem jl.li is orbitallv stable if for any e > there 
exists 6 = S{e) > such that 

if inf - U\y < 6, then sup inf W'Vit, ■) - VHhi < e, 

U&r ,>o VeT 



where ^ is the global solution of ( loi rwith initial datum ^F^. 

Remark 2.6 We call the property in the previous definition orbital stability of T because every 
element {u\, U2) of 'F generates an orbit given by the standing wave {e'^''ui, e"^-'u2)- 

Roughly speaking, a set T is orbitally stable if any orbit generated from an initial datum close to 
an element of T remains close to T uniformly with respect to the time. . , 

Up to now the uniqueness of the ground state solution is an open problem for system ( lOlr . so that 
in the definition of orbital stability we have to take into account the possibility of a solution *P to 
go from a ground state [/ to a different ground state solution V; with this respect, it would be very 
interesting to know, at least, if ground states are isolated. In addition, we will show that there exist 
also other sets of orbitally stable solutions, then our definition has to take into account this aspect. 
Our main results are the following ones. 



Tlieorem 2.7 Assume 



'For any 0)1,0)2 > the set @ is orbitally stable. 



Different from the single equations case, we have other families of orbitally stable solutions for the 
system, as the next results show. 

ir^gf o 

Tlieorem 2.8 Assume (IE. 41) . For any p,o)\,o>2 > the set S is orbitally stable. 

|c;rhr 

Remark 2.9 The preceding results imply that the problem ( lltTtlT possesses at least two family of 
orbitally stable standing waves for sufficiently large, ground state standing waves and scalar ones. 
t'afea^sSiP '■^^ stability property of scalar standing waves is a consequence both of Theorems 
, since ^ = >S in this case. 

If - o)2 - o) the set S is completely characterized in the next result. 

Tlieorem 2.10 Assume oji — 0)2 — oj > 0. For any /3 > it holds 



^'"'Zgi- - y), (■ - y)), 01, 02 € R, y € R", zUefinedin 



ibo 



In other words the set S is described by the standing wave of the single equation, up to translations 
and phase shifts of the components. 

This characterization of the set S leads us to show that the set S is orbitally stable even for p small. 



Theorem 2.11 Assume 



For any /3 > and wi = 012 = w > the set S is orbitally stable. 



Remark 2.12 1. These results imply that solutions that starts from initial data close to ground 
states with both nontrivial components remain close to orbits generated by ground states with 
both nontrivial components. While, solutions that start close to S will stay close to orbits 
generated by S. 



6 



instap 



instapB 



2. ^From the preceding resuhs we deduce that, for oji = 0)2, S and S are always orbitally stable 
sets independently of /3. When a>i + (1)2, we have that S is always orbitally stable, while we 
can prove that S is orbitally stable only when it coincides with Q, that is for fi large. It is an 
open problem to study the stability property for S for any + (1)2- Our results cover the 
following cases: 

(a) - 0)2 positive; for any > 0. 

(b) + 0)2, P large (in dependence of wi /dLi2) such that S - Q. 



We will also prove an instability result for the sets Q, S and S (for o)\ 
exponent p. More precisely, we will show the following results. 



0J2) in dependence of the 



Theorem 2.13 Assume p < n/(n — 2). For any o>i,o)2,l3 > the following conclusions hold: 

a) Let p > I + 2/n, then the sets @, S are unstable in the following sense: 

For any U & Q (or U ^ S) and s > there exists with \\U^ — C/Hh' ^ « such that the solution 
satisfying (i>s{Q) — blows up in a finite t 

b) Let p — I + 2/n, then every solution of 



"ttico 



1.2t IS unstable in the sense of the previous conclusion. 

Theorem 2.14 Assume 1 + 2/n < p < n/(n — 2) and = t<j2 = o). For any (5 > Q, the set S is 
unstable in the following sense: 

For any t/ e S and e > there exists with \\U'^ — U\\^i < e such that the solution satisfying 
(D^(0) = t/O blows up in a finite time in H . 



preliminary 



3 Minimization Problems 
3.1 Ground states 

,tl^^ j:i(^ q^ we w ill present some general results which will be useful in proving Theorems y , 

lOm Jlf and ll2°13f ^ tDur orbital stability results will follow by some strict relationship between dif- 
ferent minimization problems. 

1 12 I Definition 3.1 Given y > 0, let us consider the minimization problems 



elledueE 



elleduelE 



reali 



elledueEr (3.3) 



elleduel| (3.1) 
(3.2) 



min J(f/) = niy. 

My 

min£(f/) = Cy, 

My 



^^?eBu^ y = |f/ 6 H' : llt/llj „ = yj. Moreover, we denote with ^ the set of the solution of problem 

|p1 1 eduel |p1 l.edueE 

Remark 3.2 Notice that, solving problem (IB.lH s equivalent to solve problem ( IB. 21) . since for every 

y e My we have I(V) = 6(V) + y/2. 



Remark 3.3 It results 



where 



J{ = {(e"''Mi,e"'^M2), Oj e R, (uuuz) e //'(R", R^) solves (|0}7 



CTR = inf {£(y) : V 6 h\R"-R\ wi||vi||^ + o)2\\v2\\l = r} ■ 



dueEr 
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'g^cgnsider the minimization problems 
:ere exists 9j € R such that Uj - e'" 




y - ctr and if U - (ui,U2) 
1,2. For more details, see Remark 3.12 



Remark 3.4 Tl] 

using problem i 



jOj^ej"vation laws of the problem suggest that orbital stability has to be studied by 
[1]) which can be solved only for p < I + 2/n, as for p > I + 2/n, S (and then I) 



is not bounded from below on My. We will prove our stability result using problem ( Il2751 l which has 
a solution for every p < n/{n - 2 1 Aj: t he same time we cannot expect to have a stability result for 
every p < n/(n - 2), as The orem l|Z.^j|3|j ^h(^ws. Thk^gec| is clarified in the following results where 
we show that problems ( ll2T5b and dls.'j^ und then dB. lf ) are equivalent for p < 1 + 2/n. Indeed, in this 
range of exponents we can construct a bijective correspondence between the negative critical values 
of S on Aiy and the critical values of I on TV. While, for p > 1 + 2/« we cannot derive this map 
between these critical values. 

This suggests that for p < 1 + 2/« the Nehari manifold and Aiy have the same tangent planes, while 
when p > l+2/n the tangent planes are different, so that a minimum point on N would probably give 
rise to a different critical point on Aiy This point is crucial in proving orbital stability properties, 
since the conservation laws show that the dynamical analysis has to be performed on Aiy. 





ulamu 






scaling 



In proving many of the results of this section we will make use of the following lemma the proof of 
which is straightforward. 

Lemma 3.5 For any u e H^(R",C)andforany positive real numbers A, p, we can define the scaling 
u^^'^ix) — pu(Ax) such that the following equalities hold. 



(3.4) Wu^'^^^^A-'^Mll ||V«''-^||2 

Proof. The proof is an immediate consequence of a change of variables 



: P^A^-"\\VU\\1, \\U 



First, we want to show the equivalence between problems i 
this, let us define the sets 



and 



eduel 
Jj. In order to do 



Ke,^[c <0 : 3U e My : S(U) = c, yM,£(f/) = o} , Ks = [u e My : ^M.^iU) = 0, S{U) < o) 



defkl 



(3.5) Kj^imeR : 3U e ^/ : I{U)^m, I'(U)^0}, Kj ^{U e ^/ : I'(U) ^ 0} , 
where we have denoted with YviyS the tangential derivative of £ on My. The following result holds. 



critici 



Theorem 3.6 Assume (112.41) . For any 0)1,0)2 > the following conclusions hold: 

a) there exists a bijective correspondence between the sets and Kj, 

b) there exists a bijective map T : Kj — > given by 



I mec I (3.6) 



T(m) 



1 n 
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-n 


1 


p-l 2 




2p' - n 




m 



where p' — p/(p — 1) stands for the conjugate exponent of p. 

Proof. In order to prove assertion a), take V - (vi, V2) € My such that V satisfies 



evincolato 



(3.7) 



{6'{V), V) = -vy, 6(V) = c < 0. 
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parameters 



poho 



Then, using that {F'(V), V) = 2pF(V), it follows 

-vy - 2c = i&'iV), V) - 2&(V) = 2F(y)(l - p) <0, 
showing that v is a positive real number. Therefore it is well defined the map T''''^ : My — > N 

where ju, A, are given by 



(3.8) 
Using 

U e kj let us take v > such that 



,,-l/2(p-l) 



,,-1/2 



Ipvi ncolatq |p1 1 i ttico 

Using this and ( IB.7I ) one obtains that V' solves (111. 2b . so that P'' (V) belongs to Kj. Vice-versa if 



l/(p-l)-«/2 
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and A, fi > Q given by 



A^v 



1/2 



l/2(p-l) 



SO that V'-^ belongs to My, V m^£>{U) = 0. This shows that (T>''^)-^ = ^i/z'.i/'i. 

In order to prove assertion b), note first that any m e Kj is positive. Indeed, since there exists U e N 

such that I{U) - m and J'(t/) = 0, it follows 

m = J(C/) - ^(J^'(U), [/) = i - ij ||f/||^, > 0, 

so that r is a well defined and injective map. Let us first show that if c 6 n R , then c = T(m). 
Indeed take V e My corresponding to such c, and take Tf^'^iV) - V''*. Recalling Pohozaev identity 



(see (5.9) in IT^J ) and since V^'"' e N we get 



\-^^{\\'^V'''% + \\V^Y2,J)-m, 



(n - 2)11^^-^112 + nllV^-'llI^ = ^ (llVy^-'ll^ + HV^-'li „) , 



where m - i'(y'^'''). We derive 

(3.9) llVy'^-'ll^ = nm, /^(V^"*) = 



mg 



Using ( IB. 4b we have that 



scaling2 I (3.10) -^\\^V\\l ^ nm. 



Since V is in My 



3meters 
I yields 



^^F(V) = . 

A" p-l 



||2^^^1/(,-lH,/2 
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2p 



- n\m. 



2p 



2p 
p-l 
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this and 



ng2 

give 



J 



F(V) 



2p' - n 

1 / r 



2(/j-r) 



m I 



2-ji u- 



2(P-1) 



m I 



p - I \2p' - n j 

All the above calculations imply that, if c is a negative constrained critical value of £ on My and m 
is the corresponding critical value of I, than c is given by d^^ . 

In order to showthat T ' is surjective let us take m in Ki and the corresponding U that satisfies the 
conditions in ( IB.jl) . For any v > we can define 



1/2 



l/2(p-l) 



and consider f/'^'"'. Using (iSr^l rand ( ll3.4b an^ requiring that V-"^ e My imply that v is related to y by 
the expression 



,l/(p-l)-n/2 _ y_ 



1 



2p' — n 



Moreover, since f/ is a free critical point of I we obtain that U^"^ is a constrained critical point 
of & with Lagrange multipliers g,9,\ial 
&{U^'^) - c. ^From conditions 



o y, .In order to conclude the proof we have to impose that 
3T4b and from the definition of Kj it follows that c, m and v 



satisfy 



1 



n 

2 ~ p-1 



y-n/2 



and substituting the value of v in dependence of y implies that m-T '(c). 



equiground Corollary 3.7 There exists a bijective correspondence between the sets Q and 



groundstate 



Proof. Let V e ^ and take r'^'''(y); Theorem IB . ol implies that T''-''{V) is a critical point of I, so 
that we only have to show that 



Indeed, suppose by contradiction that m > myy- In HIT? II it is proved that m^v is achieved by a vector 
t/, then f/'/'^''/'', with A as in ( iB^'sf , belongs to My and gives a negative critical value c given by 
(IdT61 i. Since wyv < »^ we get c < Cy which is a contradiction, so that the claim is true. ■ 



Using the preceding result and Theorem 2.1 in ITSI we can prove the following statement. 



Theo ij^p[i^^j^^.^w^ e 



For any /3, U\,t02 > 0, there exists a solution of the minimization prob- 



JpI i pduelE |p1 1 fldiHn edueE 
32&ueEA^ observed in Remark lBTZl problems (IB. II) , ( IB. 21) are equivalent, so it is enough to show that 

" is solved. 



By using a GagUardo-Nirenberg type inequality for systems (see @ equation (9)), we get that the 
following inequality holds for any U e My 



1, 



SiU) > -||Vt/||2 



n(p-l) 



||^f;||2-«(p-l) 



c. 



P 
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so that £ is bounded from below if and only if 
edueE 



olds. Moreover, note that the infimum Cy in 



IS negadw.^Indeed, we impose A" - ji^ so that, for any U e My, = ("'i'"^' "2 ') ^'■^^^ belongs 
to My By (IB.4l i we derive the real function li defined by 



IP 7 pro 

and from condition ( IE. 4b it follows that there exists a Aq ^Aq ^(U^ > such that for any A e (0, Ao) 
h{A) is negative and this shows t he^c laim. Then, Theorem lB.6l implies that there exist s ^ ^^ ^^^^s^ch 



that Cy = T(m). Finally, since in wTdi it is proved that ni/^ is achieved, using Corollaryl 
the conclusion. 



gamma 



muguali 



defgaimna 



cner 



Remark 3.9 It is easy to see that every U mQ satisfies 

2p 



WW 



2 

2,tL» 



OTyV 



thanks to the regularity properties of U and to Pohozaev identity. 



Theorem 3.10 Assume 
(3.11) 

Then wyv = my„. 



and let yo be fixed as 



ro = 



_2p_ 

p-1 



Proof. From the definition of yo immediately follows that m^v > ruy^. In order to show that the 



equality is achieved, we 
definition of T joint with 



ly^haA/e to observe that = Cy^ + yo/2 = T{m^) + yo/2. Using the 
joelds the conclusion. ■ 



Remark 3.11 Consider the minimization problems ( 112751 ) and 

(3.12) myvR inf{J(W) : W e H\R'\ R^) \ {0) : <J'(W), W) = ), 

itresults that m^v = mj^^. Indeed, m^v < nij^^. l^p^eo vei, if U e H', U - (mi,M2) is 
( ll275t then HL^I^.^ = To, where yo is d^ned in (l&l?L '''so that U e My„ and Theorem 
that £(t/) - Cy„. Then, from Remark lB.3l we deduce that there exist 61, 62 such that 



solution of 
luaTi 

Jmiplies 



Finally, Theorem 
ATis a solution of 




U = (mi,M2) = (e""|Mil,e"'^|M2l), £(|miI,I"2I) = c 
li 

ives that I(\ui 



yo- 



M2I) = w^A' and, since |Vm,| = |V|m,|| itresults that (|mi|, |m2|) 6 
that is ;7Zyv is achieved on a vector with real valued components. Further- 



more, we have shown that 

g = {(e'^'ui,e"^'-U2), Oj e R, (uuui) e //'(R", R") solves d^l)). 



In order to prove the instability result Theorem ^. 131 another variational characterization of a ground 
state solution will be useful. Let us define the functional 



(3.13) 

and the infimum 



m) = l|V£/|i - n{p - l)F(U) 



mp = inf J where r^{UeW : HiU) = 0}. 



The following results hold. 



11 



infs Proposition 3.12 Assutne that p > I + 2/n, then the following conclusions hold: 

a) f is a natural constraint for I; 

b) mp — myv. 

Proof. In order to prove a) let us consider U a constrained critical point of I on !P, then there exists 
/I e R such that the following identities are satisfied 

W (3.14) il-2AWU\\l + \\U\\l^^2p[Anil-p)+l]F(U), 



due 



(3.15) 



(1 - 2A) g - l) IIVC/II? + '^\\U\\i^ = n[An{l - p) + l]F{U), 



tre 



glambda 



(3.16) ||Vf/|i = «(p - l)F(f/). 

Jtrp pjnp 

Hence, using < IP7T6t in < |ICT4| t we get 



iif/iit 



2A(l-p) + 



2p 



l|Vt/|li, 



n(p - 1) 

Jtrp JHnp 

and using this and ( II37T6I ) in ( ll3TT5b . and taking into account that /9 > 1 + 2/«, we obtain that A - 0, 
so that [/ is a free critical point of I. 

In order to prove b) take a minimum point U of J in P; from a) it follows that then U belongs to TV 
so that mp > nif^; viceversa if V is a minimum point of J in A/" then V is a free critical point of I 
and Pohozaev identity impUes that V e 'P so that mp < m/^, yielding the conclusion. ■ 



Lemma 3.13 Assume that n > 1 + 2/n. For any U + (0, 0) let us consider 
for u^'^ defined in Lemma v75\ The following conclusions hold: 

a) there exists a unique A^ — At(U) such that U'^' belong to f, 

b) the function g{A) — X (j/"* ' has its unique maximum point in A — At, 

c) At < I if and only ifRiU) < and At — 1 if and only ifRiU) — 0, 

d) the function g{A) is concave on {At, +oo). 

Proof, a): for any A> Q\t holds 

^ ([/''""-') = A^WVUWl - A"^P-^>n(p - l)F(U), 

then there is a unique 

At{U) = At 



(Ml ,"2 > 



livt/||? 



n{p - \)F{U) 



\l[n(p-\)-2] 



such that 'R{U'^-' = 0. Computing the first derivative of g{A) b) is proved. Since p > \ + 2/n, c) 
easily follows, d) immediately follows from writing the second derivative of the function g. 



RI 



Lemma 3.14 For any t/ e H' with 'RiU) < it results 



KiU) < I(U) - mu- 
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miniequa 



defEl 



nehari 1 



moduliN 



Proof. Conclusion d) in Lemma IB . 1 31 implies that 

§(l)>g(^) + ^'(l)(l-^). 

Direct computation yields 

i(u) = g(i) > g(A,) + g'im - ^) = g(A,) + mxi -A.)>i (u''"-'-^ + nu), 

where in the last inequality we^ave used that HiU) < 0. Recalling that t/'** e f and applying 
conclusion b) of Proposition lBTtjl complete the proof. ■ 

3.2 Bound states 

It is well known (see Section 8 in l^f) that defined in (llz^'sb can be characterized as the solution of 
the following constrained minimization problem 

(3.17) £i(M) = c,5 = min£i where Ms ^ {u e H\W ,WC, : \\u£ ^ 6}; 

Ms 

where the functional &\ : //'(R") — » R is defined by 

(3.18) fii(M)= ^||VM||2-^|Hg. 



and when we prescribe 



S^S(co)^ -^Iknli- 



Otherwise, can be equivalently obtained as the solution of the minimization problem 
(3.19) Ji(M) = mi =minJi where Ni ^ iu e H\R" ,R), u ^ : {I[iu),u) = o] ; 
where the functional Ji : H^{W, R) ^ R is defined by 

Iiiu) = \\\Vu\\\ + - 

bound 



The following result is the starting point in proving Theorem llZ.lOl 

Proposition 3.15 Assume that a>\ - ojn - i^- If U solves (112. 6t it results \ui\ - \u2\ almost every- 
where. 

[npha j"i 1 

Proof. Consider the variational characterization zj^ as the solution of ( |B.19l i. the vector Z = (z^, zj^) 



belongs to Ni, so that 

2mi = 2Ji(z) = J(Z) > mo. 

Jcngdue 

Let now be a solution of ( 112. 6b . ihen. Young inequality yields 

m2 = I{U) > Ji(mi) + Iiiui) ^ 2mi > OT2 
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showing that 



equal (3.20) I{U) - I \{ui) + 1 \{u2), and m2-2m\. 

Writing down this equality we get 



that is 



giving the conclusion. 

Proof of Theorem 112. 1 01 Cet U = (mi, M2) e S, from Proposition lB. 15l we derive that 



||V«i||2 + a>\\u,\\l = ||«i|g +yS||Mi«2li; = 06 + 



that is Ml e ATi, so that 



disl| (3.21) Ji(Mi)> Ji(zp. 

JninHnl jU JpqnaT 

ition |l3.15l and ( IB ."201) : 

thatZ = (z;^,zp e A/2 we derive 



JninHnl jU JpqnaT 

On the other hand, from Proposition IB . 1 3 1 and ( IB .201) it follows that I(_U) - 21\{u\) and recalling 



2Ji(Mi)= J(f/)< J(Z) = 2Ji(zp. 

|Hi c;T_ [nphgj^il 

This, ( IB72Tb and ( IB.19I I implv that mi = e 'z!i'(- - yi) for some 0i e R and yi e R". The same 

,| !?"'^'' ] i.N 

argument for 112 gives U2 - e -z'j^(- - ^2), and Proposition lB. 15l vields y\ - y2. ■ 

icn£due 

As we did for ground states we want to investigate the connection of Problem (112. 6t with a mini- 
mization of & under suitable constraints. Since we are now considering vectors with both nontrivial 
components we are naturally lead to study the following problem for &. 

cmdue | (3.22) £(t/) := qa,,^,) = inf £ where Al^j.^j) = {(mi, M2) € H' : ||mi||2 = 5i, IIM2II2 = (J2} 
where 51,60 are positive real numbers. , , 

If 5\ + 82 we do not know how to solve problem ( B. 221) . and, to our knowledge, it is an open problem 



to prove orbital stability property of solution of d 3'.'2'2l ^ in this general case. 
Therefore, we will focus our attention to the case 6\ - 62 - 6. In this case we have the following 
minimization problem 

ohta| (3.23) fi(t/) = q^.a) = inf fi where M(a,i) = {(mi, M2) e H' : ||mi||^ = IIM2II2 = (5 

A1(" ' 

As we did for the ground state solutions, investigating the relation between Problems ( 
in the case wi = W2 = na t^^^U ^^lead us to choose 6 - 5(w) such that every solution of ( 
rise a solution of Problern^Ofc^^Wi this choice we end up withthe same characterization of the 
sets S (given in Theorem E. IOd and y{(f,(,.,yf,t,.M set of solutions of (|gT23l i. as the next result shows. 
The following result can be proved using the same arguments of 12011 for the case p - 2 and y6 = 1 . 
We include some details for clearness. 
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caraA Proposition 3.16 It results 

^W-),,5M) = - 3'), e'^^-z'^i- - y)), e R, y e R«} . 

Projofj. Taking U - (u\,U2) € using thevgnajjonal characterization as the solution 

of ( IB.r/t . and arguing as in the proof of Proposition IB . 15 1 yield 



moduli 



(3.24) 



£(f/) = £i(Mi)+£i(M2), 



Moreover, ||m,||2 - 5(pS), so that m; 6 hA^ and it resu lts. fiil ^jj > c^. Then ( IB. 241) yields - cg 



hus, M, are solutions of the minimization problem 



, and we can use the uniqueness result in 



and Theorem 11.1 in H to deduce that there exist 6u 62, yu yi such that ii\ - e'^^z^i- - yi). 



U2 = e'®-zj^(- - ^2). Moreover, 



implies yi = y2. 



4 Proofs of the Main Results 

proofs 

In this section we will prove the main results concerning the stability (or instabihty) of the standing 
waves. In particular in the following subsections we show, in the subcritical case 1 < /:> < 1 + ' ^Ifip^^ ^- ^ 
the orbital stability of the sets § and S, and also of the set S for coi - cl>2- Finally in subsection ll4.3l 
we prove that for p > I + 2/n the sets S and S (for cji = 0)2) ^e^ug^^J^^e^ d fgro =^1 + 2/n 
the instability h|Olds^for every bound state. The proofs of Theorems ||2. 71 Il^y8|l2 jl|^3 the 
arguments of (^"^Tfor the single equation, while the proof of Theorem lE. 1 iT foUows the arguments 

of iSoi. 



ipodati 



4.1 Stability of the ground state standing waves 



Proof of Theorem lETTl Cet us argue by contradiction, and suppose that there exist go > 0, {t^} c R 
and a sequence of initial data {<1)°) c H' such that 



(4.1) 



lim inf ||<D° - U\\m' = 



k^oo Ueg 

and the corresponding sequence of solution {^k} of Problem 



satisfies 



iposol (4.2) 



W, 
I yield 



ati 

■definitions! 



inf ||Cl'A(-,fi:)-(Ml,M2)||>eo. 

[/=(«,, 1(2 )eg 

heorem lB.rOl and the continuity properties of the functional 



ml) 



yo + o(l). 



Let us denote ^kix) = ^kix, t^), then, conservation laws dETTl T, ( 112.21) implv that 

m,)-^my^, II^AllL = ro+o(l). 



Following the arguments of l in"5l . we use the Ekeland variational principle to obtain a new minimizing 
sequence "Vk which is also a Palais-Smale sequence for I and we find *P such that 



J(>l') = m^„, /'(>!') = 0. 
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Then 

5(1-;^) nil' = '"ro = J^C^k) - ^<^'(*^)' + 0(1) = ^ (1 - II**IIh. + 0(1) 

showing that 

II^'-iIIh, ^ II^'IIh, 

and, since H' is an Hilbert space, we have the strong convergence in H'. By thech^ice of we 
derive that also — > ^ strongly in H', which is an evident contradiction with ( IpTZI T ■ 



Remark 4.1 In the proof of the previous result it was crucial to show that the sequence 'Pj strongly 
converges in H', to get the desired contradiction. In other words, in proving orbital stability re- 
sults we made use of conservation laws, minimization property and compactness of the minimizing 
sequence. 



4.2 Stability of bound state standing waves 



absurd 



consescal 



convforte 



Proof of Theorem lll.Sr Let us argue for the set of scalar solution with the second component equal 
to zero, the other case can be handled analogously. The conclusion can be obtained arguing as in the 
previous Theorem assuming that there exist sq > 0, {ft) c R and a sequence of initial data {0°) c H' 
such that 

lim inf ||O<'-(e'«z^(--3;),0)||„. =0 



and the corresponding sequence of solution {O^} of Problem ( limT satisfies 



(4.3) 



inf ||(D,(.,f,)-(e"'z-(.-3;),0)||>eo 

eeR.yeR" 



As before, via conservation laws, ^k{x) - <bi(x, f^) satisfies 

(4.4) ^(^^.(f)) ^ £(zS',0) = C(^„,o), ||<A*,ill2 = Ikolb + 0(1)- llfelb = o(l), 

where 

£(z^,0) = C(<5„,o) = min £, = {[/ € H' : ||mi||2 = \\z%t = -Jo, llwili = 0). 



^From Gagliardo-N jjenb erg^ inequality we deduce that is bounded in H', then interpolation in- 
equality, joint with fc4V . implies that 



(4.5) iAt,2 -> strongly in I}p . 

Therefore, Holder inequality yields 

J l«A-t,il''l<Aul''<ll'Atill2pllfell2p^0. 

IrnnyfnrtP 

This and (|0 yield 



gradient (4.6) 



£(»I'i)=£o('AAM)+ 2llVfell2+o(l)' 
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equac 



scalarc 



ultima 



where 



So that we are lead to 



£o(<A-t,i) < S(^-t) + o(l) = C(,„,o) + o(l). 
Consider the scalar minimization problem 



£o(Zo) = cs„ = min£o 



Ms„ ={Me//'(R",R) 



It is easy to verify that 

(4.7) Q„ = C(a„,o), 
so that 

(4.8) £o(<A*,i) < fio(zo ) + 0(1) = + o(l). 



indstate 



By using Gagliardo-Nirenberg type inequality and arguing as in |he^ j:oaf of Theorem ||?78'[ we obtain 
that C{Safi) < 0, so that for k large, £(*!'*) < C(5„,o)/2. This and fr. jib give the following uniformly a 
priori lower bound 



n2p 
'hp 



> CTq, CTq > 0. 



knTiyfortPhral arc IcL i rgy 

This, ( IN-. 5b and ( 114.81) allow us to argue as in vfS\ (see also p|), and by means of concentration com- 
pactness technique, get the strong convergence (up to a subsequence) of i/^ij. Then, there exists i/'i 
such that 



\K\\l 



so that £o(iAi) ^ <^i5o' t''^'^' passing to the limit in 



and y e R" such that tfri = 
giving a contradiction with K3i 




ca, . Therefore, there exist e R 



[■j- y). Moreover, (IM-.4II. (114.611 andllM-.?!! implv that i//k^2 -> in 



Proof of Theorem II27TT 

and using Theorem 
that 



tab 3 

^^^•guing by cmUra^iction, as in the proofs of the other stability results, 
and Proposition l5!tCT we get a positive number sq and a sequence such 



(4.9) 



inf II^F, - (e""z;(- - y), e'"'z^{- - y))\\ > so, 



Following the proof of Lemma 2.3 in 1 
for Problem ( lB723b . then by concentration-compactness arguments (see 



it can be proved that the sub-additivity condition holds 

gction IV in ITTf Twe obtain 
that is compact and the conclusion follows passing to the limit in ( Iff791 r ■ 



subcrit 



4.3 Instability in the critical or supercritical case 

In this subsection wewill prove Theorem [[^"of and ^"Mf ^ 

Proof of Theorem lll.lil In order to prove conclusion a) let us assume 1 + 2/n < p < n/(n-2) and 
consider first the set 0. Let U e Q s,o thatt/gjP. When we fix Us - U"" with > 1 we get that 
intlmd ^a^ ^ ^'^'^ Conclusion c) of Lemma lB. i jl implies that 'R{Us) < and Conclusion b) of Lemma 
IB. Ol gives 



questa 



(4.10) 



I{Us) = ^(1) < g{A.) = I{U) = rriM. 
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Let <t>s the solution generated by Us- By ( 112.21) we have ^(<I) ,) = J^^y^j ^when the solution exists. By 
continuity !R(Os(f)) < for t small; moreover. Lemma B7l 41 and dtf . iol) imply that 

lR(O,(0) < I{<i>s(t)) - OTyv = -o- < 0, 
showing that ??(<l>j(/)) < when the solution exists. Defining the variance function 

v{t) = lll^io.coili 

it follows that V" (t) = 8??(0,,(f)) < -Scr. Thus, thereexists T* such that V(T*) = showing, by 
using Hardy's inequality, that blows up in T* (see iQ), which gives conclusion a) for the set Q. 
Let now U e S then t/ - (mi,0) (for example) with ui - mi is unstable for the single 

equation(with (3-0) then Theorem 8.2.2 in iQfimplies that there exists j such that j - mi || < e 
and the solution generated by m° j, blows up in finite time. Now if we choose Ue - (u^ j, 0) we 
get llf/g - [/|| < e and the solution generated by Ue is (by the well posedness of the Cauchy problem) 
= (0E 1 , 0) blows up in finite time. ,. j. ^■ 

t / f Ji nfg |p1 1 1 ttlCO 

Now consider p — l+2/n. From Proposition ll3n"2l we get that any U solution of ( IIL2I) satisfies 
then we get "RiU) - so that 'R(AU)<pfoT any A > 1. Let Ua - AU be the initial datum of 
and the corresponding solution. ( ||2.2I) implies 

> mu,) = 2&{Ua) = 2£((D,) = ??(<1),), 

so that, also in this case, the variance is concave and the solution blows up in finite time. 

■ 

Proof of Theorem feltf '^^Let C/ € S then f/ = (mi, U2) with ux = e'^^'z^ and ut = e'^^z^, again Zp 
is unstable because it is a ground state for the single equation with coefficient yS + 1 in the nonlinear 
term, so that we can apply, as in the previous result. Theorem 8.2.2 in l^to obtain an initial datum 
Ue such that ||me -z^ll < e and the solution that starts from Ug <pg blows up in finite time. If we choose 
Us = (Mfi, Me) we have (by the well posedness of the Cauchy problem) that the solution generating 
from U'^ is <l>e = ((ps, (pe) and it blows up in finite time. ■ 



5 Conclusions 

In summary, we have studied the problem of the orbital stability of standing waves in two weakly 
coupled nonlinear Schrodinger equations. In analogy of what happens for the single equation case 
we have that least action solutions give rise to orbitally stable standing waves. But, the system admits 
also other families of orbitally stable standing waves, for example the set of solutions with one trivial 
component whose elements are not ground states (and have Morse index greater than one) for /3 large. 
Moreover, for wi ^wgleast action solution with both nontrivial components alsQjg|nerate orbitally 
stable solutions of dltTtl r. and this holds also when they are not ground states of dll.il) . So that it seems 
that having Morse index, with respect to J, equal to one is not a necessary property to gain orbital 
stability. In our opinion this is linked to the facts that the norms of the components are conserved 
separately. 

We remark that it remains open the question of the stability for the set of minima of the energy 
whose components have different norms, at least for /3 small. Moreover, it is an interesting open 
problem to find conditions, maybe related to the geometrical properties of J, on a solution in order 
to produce instability. More precisely, it would be interesting to understand how to extend the result 
of l@ffor this kind of system. 
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